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Abstract
We define Enriques varieties as a higher dimensional generalization of Enriques surfaces and construct examples by using fixed
point free automorphisms on generalized Kummer varieties. We also classify all automorphisms of generalized Kummer varieties
that come from an automorphism of the underlying abelian surface.
© 2010 Elsevier Masson SAS. All rights reserved.
Résumé
On définit les variétés d’Enriques comme une généralisation en grande dimension des surfaces d’Enriques et on construit des
exemples à l’aide d’automorphismes sans points fixes sur des variétés de Kummer généralisées. On classifie aussi les automor-
phismes des variétés de Kummer généralisées qui proviennent d’un automorphisme de la surface abélienne sous-jacente.
© 2010 Elsevier Masson SAS. All rights reserved.
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1. Introduction
Very much is known on automorphisms of K3 surfaces, but the study of the automorphisms of irreducible holo-
morphic symplectic manifolds, which are the higher dimensional analogous of K3 surfaces, is quite recent. Some
results are given by Beauville [1,2], Boissière [3], Boissière and Sarti [4], Debarre [5], Huybrechts [6] and Oguiso [7].
In this paper we study generalized Kummer varieties, showing that an automorphism leaving invariant the exceptional
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the corresponding result for the Hilbert schemes of points on K3 surfaces is given in [4].
We study also fixed point free automorphisms of finite order on irreducible holomorphic symplectic manifolds.
On K3 surfaces, the automorphisms of finite order without fixed points are non-symplectic involutions; the quotients
are exactly the Enriques surfaces. This motivates us to introduce in Definition 2.1 the notion of an Enriques variety
to generalize the properties of Enriques surfaces in higher dimension. We give in Proposition 1 a classification result
concerning Enriques varieties and we show in Proposition 8 the existence of Enriques varieties of dimension 4 and 6
by giving explicit examples as quotients of generalized Kummer varieties by fixed point free natural automorphisms
of order 3 and 4. This gives a positive answer to a question of Arnaud Beauville asked during the conference Moduli
in Berlin in 2009. These examples are also constructed by Oguiso and Schröer [8] in an independent paper. We thank
Arnaud Beauville and Igor Dolgachev for helpful comments and their interest in this work.
2. Higher dimensional Enriques varieties
2.1. Irreducible holomorphic symplectic manifolds
A complex, compact, Kähler manifold X is called irreducible symplectic if X is simply connected and H 0(X,Ω2X)
is spanned by an everywhere non-degenerate two-form, denoted ωX . In this case, the second cohomology group
H 2(X,Z) has no torsion and is equipped with a non-degenerate bilinear symmetric form called the Beauville–
Bogomolov form [2]. We denote by O(H 2(X,Z)) the group of isometries of the lattice H 2(X,Z) with respect to
this quadratic form. There is a natural map Aut(X) → O(H 2(X,Z)), f → f ∗; in contrary to the case of K3 surfaces,
for dimX > 2 this map is not injective in general (though it is indeed injective for Hilbert schemes of points on K3 sur-
faces [1]), but its kernel is a finite group [6]: an automorphism of X acting trivially on the second cohomology leaves
invariant a Kähler class and the associated Calabi–Yau metric, so it is an isometry of X. Since the group Aut(X) is
discrete and the group of isometries is compact, it is a finite group.
2.2. Enriques varieties
Let S be a K3 surface admitting a fixed point free involution ι : S → S. This involution is necessarily non-
symplectic and S is projective. The quotient Y := S/〈ι〉 is an Enriques surface, characterized by the numerical
conditions 2KY = 0 and χ(Y,OY ) = 1. It is well known that every Enriques surface can be obtained as such a quotient.
They are easy to construct, for example using complete intersections of quadrics in P5. One first possible generaliza-
tion in higher dimension is by using Calabi–Yau manifolds. In odd dimension, the quotient varieties Y obtained as
quotient of Calabi–Yau varieties by fixed point free automorphisms satisfy χ(Y,OY ) = 0 so would rather correspond
to a generalization of bielliptic surfaces. In even dimension, only involutions can act without fixed point on an even
dimensional Calabi–Yau manifold since its holomorphic Euler characteristic is two, so the canonical divisor of the
quotient cannot have order higher than two. Examples are easy to construct: complete intersections of quadrics (see
Section 4.3) or—as was pointed out to us by Igor Dolgachev—generalization in higher dimension of Reye congru-
ences [9] (see [10] for other constructions). The problem is to construct quotients by fixed point free higher order
automorphisms, in such a way that the canonical divisor has higher order.
Let X be an irreducible holomorphic symplectic manifold of dimension 2n−2 with n 2, and f an automorphism
of X of order d  2 such that the cycle group 〈f 〉 generated by f acts freely on X. Observe that this is possible only
if f is purely non-symplectic, i.e. there exists a primitive d-th root of the unity ξ such that the action of f on the
symplectic form ωX is given by f ∗ωX = ξωX . Indeed, otherwise there would exist some integer i, 1  i  d − 1,
such that f i is symplectic (i.e. (f i)∗ωX = ωX), but this would imply that f i has fixed points: since H 0(X,ΩkX) is
zero for odd k and generated by ωk/2X for even k, the holomorphic Lefschetz number of f i is:
L
(
f i
)= 2n−2∑
j=0
(−1)j tr((f i)∗|H 0(X,ΩjX))= dimX2 + 1 = n,
and by the holomorphic Lefschetz fixed point formula, L(f i) = 0 implies that the fixed locus of f i is non-empty.
So the group 〈f 〉 acts purely non-symplectically on X, and such a group can exist only when X is projective
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ramified covering of order d , the canonical divisor KY has order d in Pic(Y ) and d · χ(Y,OY ) = χ(X,OX) = n so d
divides n. Note that the same argument shows that a fixed point free involution on an even dimensional Calabi–Yau
manifold cannot act trivially on the holomorphic volume form. This motivates the following definition:
Definition 2.1. A connected, compact, smooth, kähler, complex manifold Y is called an Enriques variety if there exists
an integer d  2, called the index of Y , such that the canonical bundle KY has order d in the Picard group Pic(Y )
of Y , the holomorphic Euler characteristic of Y is χ(Y,OY ) = 1 and the fundamental group π(Y ) is cyclic of order d .
Observe that if Y1, Y2 are Enriques varieties of indices d1, d2 prime to each other, then Y1 ×Y2 is again an Enriques
variety, of index d1d2. We thus introduce the following definition:
Definition 2.2. An Enriques variety is called irreducible if the holonomy representation of its universal cover is
irreducible.
Proposition 1.
(1) Every Enriques variety is even dimensional.
(2) Every irreducible Enriques variety of index two is the quotient of an even dimensional Calabi–Yau variety by
a fixed point free involution.
(3) Every irreducible Enriques variety of index strictly greater than two is the quotient of an irreducible symplectic
holomorphic manifold by an automorphism acting freely.
(4) Every irreducible Enriques variety is projective.
(5) Every Enriques variety of prime index is irreducible.
(6) Every Enriques variety of odd index d and dimension 2d − 2 is irreducible.
Proof. Let Y be an Enriques variety. The case dimY = 2 is clear so we assume that dimY > 2. Since dKY = 0,
Y admits an order d non-ramified covering X → Y such that KX = 0. Since X is simply connected, by the decom-
position theorem of Bogomolov it is isomorphic to a product of Calabi–Yau varieties and irreducible holomorphic
symplectic varieties. Since the holomorphic Euler characteristic of an odd dimensional Calabi–Yau variety is zero, no
such variety appears in the decomposition; this proves (1). If moreover Y is irreducible, only one factor occurs and
since even dimensional Calabi–Yau varieties have holomorphic Euler characteristic equal to two, only involutions can
act fixed point free on them; this proves (2), (3) and (4). For (5), since the Euler characteristic of X is the product
of those of its factors and equals the index of Y , only one factor occurs when this index is prime so Y is irreducible.
For (6), decomposing X ∼= W1 ×· · ·×Wk were the Wj are irreducible holomorphic symplectic varieties of dimension
rj > 2, one has dimX = 2d − 2 = r1 + · · · + rk and χ(X,OX) = d = ( r12 + 1) · · · ( rk2 + 1) so if k  2,
2d = r1 + · · · + rk + 12 r1r2 + positive terms,
with r1r2 > 4, that is not possible so k = 1. 
Note that the assertion (6) would be false for an even index different from two: a counter-example is constructed in
Section 4.3. In Proposition 8 we construct irreducible Enriques varieties of index three and four, thus proving:
Theorem 2. There exist irreducible Enriques varieties of index 2, 3 and 4.
It is easy to construct examples of a weaker notion of Enriques varieties by asking only that χ(Y,OY ) = 0.
Such varieties can appear as intermediate quotients between an irreducible holomorphic symplectic manifold and
an Enriques variety. We will call them weak Enriques varieties.
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Let A be a complex torus of dimension two and n  2. Set A(n) := An/Sn the symmetric quotient of A, where
Sn acts by permutation of the factors. Let π : An → A(n) be the quotient map,  the large diagonal in An and
D := π() its image in A(n). Let A[n] be the Douady space (or Hilbert scheme when A is algebraic) parametriz-
ing zero-dimensional length n analytic subspaces of A and ρ : A[n] → A(n) the Douady–Barlet (Hilbert–Chow
in the algebraic case) morphism. It is a resolution of singularities and the exceptional divisor E := ρ−1(D) is
irreducible. Let s : A(n) → A be the summation map and consider the composed morphism S : A[n] ρ→ A(n) s→ A.
Set Kn(A) := S−1(0). Then Kn(A) is a smooth, complex, compact, irreducible symplectic holomorphic manifold of
dimension 2n − 2. For n = 2, K2(A) is the Kummer surface associated to A. Set A((n)) := s−1(0). The restriction
of the Hilbert–Chow morphism to Kn(A) is again denoted by ρ : Kn(A) → A((n)). It is a resolution of singularities
and the exceptional divisor E0 := E ∩ Kn(A) is irreducible for n  3. We set D0 := D ∩ Kn(A), s˜ : An → A the
summation map, An0 := s˜−1(0), 0 :=  ∩ An0 so that, for the quotient map π : An0 → An0/Sn ∼= A((n)), one has
D0 = π(0).
3.1. Characterization of the natural automorphisms
Any biholomorphic map ψ : A → A induces in a natural way an automorphism ψ [n] : A[n] → A[n], called natural
[3] and the map Aut(A) → Aut(A[n]), ψ → ψ [n] is injective. Such an automorphism restricts to an automorphism
of Kn(A) if and only if for any ξ ∈ A[n] such that S(ξ) = 0 one has S(ψ [n](ξ)) = 0. Recall [11, §1.2] that any
biholomorphic map ψ : A → A decomposes in a unique way as ψ = tψ(0) ◦ h where tψ(0) is the translation by ψ(0)
in A and h ∈ AutZ(A) is a group automorphism, so that Aut(A) ∼= A  AutZ(A). One can easily see that for any
h ∈ AutZ(A), h[n] restricts to an automorphism of Kn(A), and for a ∈ A, the translation ta by a in A induces an
automorphism of A[n] that restricts to Kn(A) if and only if a is an n-torsion point of A. Denoting by Tn(A) the
n-torsion subgroup of A, we thus get a well-defined morphism Tn(A) AutZ(A) → Aut(Kn(A)), ψ → ψn, whose
image is called the group of natural automorphisms of Kn(A).
Theorem 3. Let A be a complex torus of dimension two and n 3. An automorphism of Kn(A) is natural if and only
if it leaves the exceptional divisor globally invariant.
Proof. The condition is clearly necessary; let us show that it is sufficient. Let f : Kn(A) ∼→ Kn(A) be
an automorphism such that f (E0) = E0.
Step 1. Universal cover.
The automorphism f induces an automorphism of Kn(A) \E0 ∼= A((n)) \D0. Denote A = C2/Γ where Γ ⊂ C2 is
a rank-4 lattice and set:
An0 :=
{
(a1, . . . , an) ∈ An
∣∣∣ n∑
i=1
ai = 0
}
,
Γ n0 :=
{
(γ1, . . . , γn) ∈ Γ n
∣∣∣ n∑
i=1
γi = 0
}
,
(
C
2)n
0 :=
{
(z1, . . . , zn) ∈
(
C
2)n ∣∣∣ n∑
i=1
zi = 0
}
,
with the quotient maps: (
C
2)n
0
p−→ (C2)n0/Γ n0 ∼= An0 π−→ An0/Sn = A((n)),
and finally set Σ := p−1(0). The restricted map:(
C
2)n \Σ p−→ An0 \0 π−→ A((n)) \D0,0
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equally on (C2)n0) as follows: for any σ ∈Sn, and γ = (γ1, . . . , γn) ∈ Γ n0 ,
σγ := (γσ−1(1), . . . , γσ−1(n)),
the semi-direct product is (γ, σ )(λ, τ ) = (γ + σλ,στ) and (γ, σ ) ∈ G acts on z ∈ (C2)n0 by (γ, σ )z := σz+ γ . Since
Σ has complex codimension two in (C2)n0 , (C
2)n0 \Σ is simply connected, so π ◦ p|(C2)n0\Σ is the universal covering
of A((n)) \D0. By its universal property, there exists a unique biholomorphic map:
F : (C2)n0 \Σ → (C2)n0 \Σ,
making the diagram
(C2)n0 \Σ F∼
p
(C2)n0 \Σ
p
An0 \0
π
An0 \0
π
A((n)) \D0 f∼ A((n)) \D0
commutative and with the property that there exists an automorphism f∗ : G → G (G is the deck transformation group
of the universal covering) such that the map F is f∗-equivariant in the following sense:
∀(γ, σ ) ∈ G, ∀z ∈ (C2)n0 \Σ, F ((γ, σ )z)= f∗(γ, σ )F (z).
Since Σ has codimension 2 in (C2)n0 , by Hartog’s theorem F can be extended to a biholomorphic map also denoted
F : (C2)n0 → (C2)n0 and, by the identity theorem, the f∗-equivariance extends to (C2)n0 .
Step 2. Reduction to the case F(0) = 0.
Set F(0) = (w1, . . . ,wn−1,wn) with wi ∈ C2 and ∑ni=1 wi = 0. Since F(0) is defined up to the action of an
element of G, by applying a suitable translation by an element γ ∈ Γ n0 one can assume that (w1, . . . ,wn−1) lies in a
fundamental domain of Γ (this modification of F makes it equivariant for the conjugate (γ, id) · f∗(−) · (γ, id)−1
of f∗, that we continue to write f∗ for simplicity).
Let Stab(0) be the stabilizer of 0 ∈ (C2)n0 in G; then Stab(F (0)) = f∗(Stab(0)). One can easily see that
Stab(0) = {(0, σ ) ∈ G | σ ∈ Sn} ∼= Sn, so the stabilizer of F(0) is a subgroup of G isomorphic to Sn. We need
the following lemma, whose proof is elementary:
Lemma 4. Let H ⊂ G be a subgroup isomorphic to Sn. Then for all σ ∈Sn, there exists a unique λσ ∈ Γ n0 such that
(λσ , σ ) ∈ H .
Consider a transposition (1, i) ∈Sn with 1  i  n − 1. By the lemma, there exists λ = (λ1, . . . , λn) ∈ Γ n0 such
that (λ, (1, i)) ∈ Stab(F (0)). This gives the relations:
w1 −wi = λ1 = −λi, λ2 = · · · = λ̂i = · · · = λn = 0.
Since w1 and wi are in a fundamental domain of Γ , this forces w1 = wi and λ = (0, . . . ,0). We obtain finally
w1 = · · · = wn−1 =: w with wn = −(n − 1)w. Now consider the transposition (1, n) and (λ, (1, n)) ∈ Stab(F (0)).
This gives:
w −wn = λ1 = −λn, λ2 = · · · = λn−1 = 0,
so nw ∈ Γ . Let a = −[w] be the class of −w in A = C2/Γ ; then na = 0, so a is an n-torsion point. Denote
by ta : A → A the translation morphism and by t ((n))a : A((n)) → A((n)) the induced natural automorphism. Con-
sider the automorphism t ((n))a ◦ f . One can choose the lift Ta of t ((n))a to (C2)n0 → (C2)n0 to be the translation by
(−w, . . . ,−w, (n− 1)w). Then (Ta ◦ F)(0) = 0.
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Let (γ, σ ) ∈ G and (γ ′, σ ′) := f∗(γ, σ ). The f∗-equivariance of F means:
∀z ∈ (C2)n0, F (σz + γ ) = σ ′F(z) + γ ′. (1)
Putting z = 0, one gets F(γ ) = γ ′ (in other words, F(Γ n0 ) = Γ n0 ). Moreover, observe that for any γ ∈ Γ n0 ,
if (γ ′′, σ ′′) := f∗(n!γ, id) then σ ′′ = id. Indeed, setting (γ ′, σ ′) = f∗(γ, id) one computes:(
γ ′′, σ ′′
)= f∗(n!γ, id) = f∗((γ, id)n!)= (γ ′, σ ′)n! = (γ ′ + σ ′γ ′ + . . .+ (σ ′)n!−1γ ′, id).
Putting σ = id, in (1) one gets then for all γ ∈ n!Γ n0 :
∀z ∈ (C2)n0, F (z + γ ) = F(z) + F(γ ).
It follows that the partial derivatives of F are n!Γ n0 -periodic, hence constant by Liouville’s theorem. Since F(0) = 0,
F is linear.
Step 4. Naturality.
Let (γ, σ ) ∈ G and (γ ′, σ ′) := f∗(γ, σ ). Since F(0) = 0, the f∗-equivariance shows (putting z = 0) that γ = 0 if
and only if γ ′ = 0, so f∗ induces an isomorphism φ := (f∗)|Sn :Sn ∼→Sn and F is φ-equivariant:
∀σ ∈Sn, ∀z ∈
(
C
2)n
0, F (σz) = φ(σ)F (z).
If φ is an inner automorphism (this is always the case when n = 6), by permuting the coordinates at the target,
one can assume that φ = id. Writting F as a matrix (ai,j )1i,jn where the ai,j are (2 × 2)-matrices, the condition
σ−1Fσ = F gives easily (by evaluating at any transposition):
a1,1 = · · · = an,n =: β and ai,j =: α ∀i = j
for some matrices α,β . Substituting δ := β − α (observe that α = β since F is an isomorphism) and denoting
G := (α)1i,jn, one has F = diag(δ, . . . , δ)+G. Using the fact that for any z ∈ (C2)n0,
G(z) = (α(z1 + · · · + zn), . . . , α(z1 + · · · + zn))= (0, . . . ,0),
one deduces that F = diag(δ, . . . , δ) and δ : C2 → C2 is an isomorphism. Since F(Γ n0 ) = Γ n0 , one has δ(Γ ) = Γ ,
so δ defines a group automorphism of A which induces f , so f is natural.
If n = 6, then φ could be an outer automorphism. Since two such automorphisms only differ by an inner automor-
phism, by the preceding discussion it is enough to consider the following automorphism, characterized by:
φ((1,2)) = (1,2)(3,4)(5,6), φ((2,3)) = (1,4)(2,5)(3,6),
φ((3,4)) = (1,3)(2,4)(5,6), φ((4,5)) = (1,2)(3,6)(4,5),
φ((5,6)) = (1,4)(2,3)(5,6).
In this case, a quite long but elementary computation shows that all (2 × 2)-entries of F are the same, so F would not
be an isomorphism: this case does not occur. 
Corollary 5.
(1) The map Tn(A)  AutZ(A) → Aut(Kn(A)),ψ → ψn is injective.
(2) The kernel of the map Aut(Kn(A)) → O(H 2(Kn(A),Z)), f → f ∗ is isomorphic to Tn(A)  Z/2Z.
(3) If A is a complex torus such that Pic(A) = {0}, then every automorphism of Kn(A) is natural.
Proof. (1) Let ψ ∈ Tn(A)  AutZ(A) such that ψn = id. Decomposing ψ = ta ◦ h, one sees that necessarily a = 0
(otherwise the subschemes supported at the origin would not be fixed), so ψ = h and, as in the proof of Theorem 3,
ψn is uniquely determined by the map F = (h × · · · × h) : (C2)n0 → (C2)n0 , so F = id and h = id.
(2) Assume f ∈ Aut(Kn(A)) acts as the identity on H 2(Kn(A),Z). Since there is a decomposition
H 2(Kn(A),Z) ∼= H 2(A,Z) ⊕ 1Z[E0] and E0 is rigid, f leaves E0 globally invariant, so by Theorem 3 it is2
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f is of finite order. For any a ∈ Tn(A), the translation by a on A induces an automorphism tna acting as the
identity on H 2(Kn(A),Z): since the automorphism t [n]a induced on A[n] is homotopic to the identity and the re-
striction map H 2(A[n],C) → H 2(Kn(A),C) is surjective, tna acts as the identity on H 2(Kn(A),C) (see Beauville
[1, §5, Proposition 9]), but H 2(Kn(A),Z) has no torsion, so tna acts as the identity on it. It remains to consider
the case where f comes from a group automorphism h ∈ AutZ(A): f = hn. Let d be the order of f . Then
(hn)d = (hd)n = id so by (1), hd = id, one has that h is determined by a C-linear isomorphism H : C2 → C2
such that Hd = id. In a suitable C-basis (v1, v2) of C2, H is given by a diagonal matrix H = diag(λ,μ), so in
the corresponding R-basis (v1, v1, v2, v2) of Γ ⊗Z C, H is given by the diagonal matrix diag(λ,λ,μ,μ). Since
H 2(Kn(A),C) ∼= H 2(A,C) ⊕ C[E0], h acts trivially on H 2(A,C) ∼= (∧2 HomZ(Γ,C)) ⊗Z C and the action of h is
given by diag(λμ,λμ,λλ,λμ,λμ,μμ). The only possibility is λ = μ = ±1, so f = ± id.
(3) Recall that Pic(Kn(A)) ∼= Pic(A) ⊕ ZL0 where L⊗20 ∼= O(−E0). In the case Pic(A) = {0}, any automorphism
of Kn(A) leaves E0 globally invariant, so is natural. 
3.2. Topological Lefschetz numbers of the natural automorphisms
The generalized Kummer variety Kn(A) fits into the cartesian diagram
A×Kn(A) ν
p
A[n]
S
A n A
where n : A → A is the multiplication by n and ν(a, ξ) = a + ξ is a Galois covering with Galois group G := Tn(A).
Here, G acts via g · (a, ξ) = (a − g,g + ξ) on A×Kn(A).
Let ψ ∈ Aut(A), decomposed as ψ = ta ◦ h with a ∈ Tn(A) and h ∈ AutZ(A). If we let ψ act on A × Kn(A) by
h × ψn : (a, ξ) → (h(a),ψn(ξ)) the cartesian diagram is equivariant with respect to h : A → A restricted to G.
The topological Lefschetz number of ψn is by definition:
L
(
ψn
)=∑
i
(−1)i tr((ψn)∗∣∣
Hi(Kn(A),C)
)
,
and one has the relation L(h) ·L(ψn) = L(h×ψn).
By [12], there is a natural isomorphism,
H ∗
(
A×Kn(A),C[2n]
)∼= dn
n!dtn
∣∣∣∣
t=0
⊕
χ∈G∨
S∗
(⊕
ν1
H ∗
(
A,C[2]) · tν|χ |),
where G∨ is the dual group of G, |χ | denotes the order of χ in G∨ and S∗(·) is the symmetric algebra. The action of
h×ψn on the left-hand side is compatible with the action of h on the right-hand side. In particular, we may assume
that a = 0 as L(ψn) will be independent of a since ta acts trivially on the cohomology. Note, in particular, that h
also acts on G∨. The subgroup of invariant characters in G∨ is denoted by (G∨)h.
Lemma 6. Let h : H → H be an even homomorphism between super vector spaces over a field K . Then
str S∗(ht) = exp(− str log(1 − ht))= exp(∑
s1
strhs
s
ts
)
,
where str denotes the super trace of an endomorphism between super vector spaces.
Proof. By scalar extension to the algebraic closure, we may assume that K is algebraically closed. Furthermore, both
sides are continuous in the Zariski topology on End(H). Thus we may even assume that h is semi-simple.
Assume that the claimed formula is true for h1 : H1 → H1 and h2 : H2 → H2. It follows that the formula holds for
H = H1 ⊕H2 and h = h1 ⊕ h2 : H → H as
str S∗
(
(h1 ⊕ h2)t
)= str(S∗(h1t)⊗ S∗(h2t))= str(S∗(h1t)) · str(S∗(h2t)),
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exp
(− str log(1 − (h1 ⊕ h2)t))= exp(− str(log(1 − h1t)⊕ log(1 − h2t)))
= exp(− str log(1 − h1t)− str log(1 − h2t))
= exp(− str log(1 − h1t)) · exp(− str log(1 − h2t)).
As we have assumed h to be semi-simple, it is diagonalizable. In view of the preceding, it is thus enough to prove
the claimed formula in case H is a one-dimensional even or odd super vector space and h is multiplication by a scalar,
which we call h again.
In the even case, one has:
str S∗(ht) =
∞∑
n=0
hntn = 1
1 − ht = exp
(− str log(1 − ht));
in the odd case, one has:
str S∗(ht) = 1 − ht = exp(− str log(1 − ht)). 
One then has:
L(h) ·L(ψn)= L(h×ψn)
= d
n
n!dtn
∣∣∣∣
t=0
∑
χ∈(G∨)h
∏
ν1
L
(
S∗
(
H ∗
(
A,C[2]) · tν|χ |))
= d
n
n!dtn
∣∣∣∣
t=0
∑
χ∈(G∨)h
∏
ν1
exp
(∑
s1
str((h∗)s)
s
tν|χ |s
)
,
where h∗ : H ∗(A,C[2]) → H ∗(A,C[2]) is the induced graded homomorphism on cohomology.
Let Ψ = h−1 : H−1(A,C[2]) → H−1(A,C[2]). Since the cohomology of the torus is an exterior algebra over
H−1(A,C[2]), one has str((h∗)s) = det(1 −Ψ s). We have thus obtained the following formula:
Proposition 7. Let ψ ∈ Aut(A) and Ψ := ψ∗ : H 1(A,C) → H 1(A,C). Then
L(ψ)L
(
ψn
)= dn
n!dtn
∣∣∣∣
t=0
∑
χ∈(G∨)h
∏
ν1
exp
(∑
s1
det(1 −Ψ s)
s
tν|χ |s
)
.
4. Construction of Enriques varieties
To construct Enriques varieties of dimension 2n−2 > 2 (so n > 2), a first guess could be to take the Hilbert scheme
of n−1 points on a K3 surface S (since dimS[n−1] = 2n−2) and look for an automorphism of order n > 2 acting fixed
point free. Apart from Beauville’s involution on the Hilbert scheme of two points on a generic quartic surface (that
has fixed points, as it can be easily seen), the only known automorphisms are the natural automorphisms, given by the
natural map Aut(S) → Aut(S[n−1]), ψ → ψ [n−1] [3,4]. Since an automorphism ψ of S is (non)-symplectic if and only
if ψ [n−1] is, one could start from a purely non-symplectic automorphism of order n > 2 on S. But the holomorphic
Lefschetz number of such an automorphism is never zero, so ψ has fixed points. Then any point of S[n−1] whose
scheme structure is supported at such a fixed point and whose ideal is monomial (in a coordinate system for which
the action of ψ is linearized and diagonal) is a fixed point for ψ [n−1] [3, Proposition 7] thus no higher dimensional
Enriques variety can be constructed like this.
4.1. Fixed points of natural automorphisms on generalized Kummer varieties
Let A = C2/Γ be a complex torus, n 3 and ψ = ta ◦ h as before, where a ∈ Tn(A). We are looking for automor-
phisms ψ of finite order such that ψn has no fixed point on Kn(A). We can already exclude two trivial cases:
S. Boissière et al. / J. Math. Pures Appl. 95 (2011) 553–563 561• If ψ = h ∈ AutZ(A), then ψ(0) = 0 so any subscheme of Kn(A) supported at the origin, whose ideal is monomial
(in a coordinate system for which the action of ψ is linearized and diagonal) is fixed by ψn.
• If ψ = ta , then ψ has no fixed points on A but for any n  3, the subschemes consisting of n points
{x, x + a, . . . , x + (n − 1)a} for appropriate values of x are fixed by ψn. For odd n, take any point x ∈ Tn(A);
for even n, let α ∈ A such that 2α = a and take x = α + y with y ∈ Tn(A).
Moreover, if ψ ∈ Tn(A)  AutZ(A) is of finite order n  2 on a simple torus A and if Fix(ψ) = ∅, then ψn has
fixed points on Kn(A): on a simple torus, any biholomorphic map without fixed points is a translation [11, §13.1],
so ψn has fixed points on Kn(A) by the preceding observation. But observe that even though a given automorphism
ψ of order n on a (non-simple) complex torus has no fixed points, the corresponding automorphism ψn on Kn(A)
can still have fixed points, for instance orbits {x,ψ(x), . . . ,ψn−1(x)} whose sum is zero.
Conversely, if an automorphism ψ ∈ Aut(A) has fixed points, it is not always easy to see if ψn has fixed points
or not. In some cases, this question can be solved by computing its topological Lefschetz number by Proposition 7.
Consider for example an automorphism ψ of order 5 on a two-dimensional torus A and its action on K5(A) and denote
as usual by h its linear part. By the classification of these automorphisms on two-dimensional complex tori [11], Ψ
(see notation in Proposition 7) is given by a diagonal matrix whose entries are the primitive 5-roots of unity, ξ, . . . , ξ4.
It follows that L(ψ) = 5. The group G∨ has one element of order 1 which is, of course, a fixed point under h and 624
elements of order 5, of which 4 elements are also fixed points of h. (There are in total 5 fixed points of h on A and all
of them are 5-torsion points.) It follows that
L
(
K5(A)
)= (1
5
d5
5!dt5 +
4
5
d
dt
)∣∣∣∣
t=0
∏
ν1
exp
(∑
s1
det(1 − F s)
s
tνs
)
.
This calculation can be done explicitly. Using det(1 − F s) = 5 in case s is not divisible by 5 and det(1 − F s) = 0
otherwise, one has:
exp
(∑
s1
det(1 − F s)
s
tνs
)
= exp
(∑
s1
5tνs
s
−
∑
s1
5t5νs
5νs
)
= exp(−5 log(1 − tν)) exp(log(1 − t5ν))= 1 − t5ν
(1 − tν)5 ,
so that
L
(
K5(A)
)= (1
5
d5
5!dt5 +
4
5
d
dt
)∣∣∣∣
t=0
∏
ν1
1 − t5ν
(1 − tν)5
=
(
1
5
d5
5!dt5 +
4
5
d
dt
)∣∣∣∣
t=0
(
1 + 5t + 20t2 + 65t3 + 190t4 + 505t5 + O(t6))
= 1
5
· 505 + 4
5
· 5 = 105.
In particular, no automorphism of order 5 on a two-dimensional complex torus induces a fixed point free natural
automorphism of a generalized Kummer variety of dimension 8.
4.2. Construction of Enriques varieties of dimension 4 and 6
Proposition 8. Let E be an elliptic curve admitting an automorphism of order n ∈ {3,4}, ζn a primitive n-th root of
the unity and A := E × E. Let h ∈ AutZ(A) be given by h =
(
ζn 0
0 1
)
, a1, a2 ∈ E (non-zero) points of order n in E,
a := (a1, a2) and ψ := ta ◦ h. Then for an appropriate choice of a1, 〈ψn〉 acts freely on Kn(A) and Kn(A)/〈ψn〉
is an Enriques variety of dimension 2n− 2.
Proof. One has E ∼= C/(Z ⊕ ζnZ). Let z = (x, y) ∈ A. Then
ψ(z) = (ζnx + a1, y + a2)
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that there is no orbit of length strictly smaller than n (since a2 has order n). We study all possible fixed points for ψn
(and its iterates) on Kn(A).
(1) n = 3. The only possibility is a fixed point on K3(A) whose support is an orbit {z,ψ(z),ψ2(z)} such that the
sum of the points is zero. Looking at the first coordinate, one gets the condition: (2 + ζ3)a1 = 0. Taking for example
a1 = 1/3, (2 + ζ3)/3 = 0 in E, one gets that ψ3 has no fixed points.
(2) n = 4. The only possible fixed points for ψ4 are supported on length four orbits {z,ψ(z),ψ2(z),ψ3(z)}
whose sum is zero. The condition on the first coordinate is 2(1 + i)a1 = 0, so if a1 = 1/4 then ψ4 has no fixed
points. Similarly, (ψ4)2 = (ψ2)4 can have fixed points supported on sets:{
z,ψ2(z)
}∪ {w,ψ2(w)},
(for z = w, this means that the fixed point on K4(A) has a non-reduced scheme structure). One gets for the first
coordinate the same condition 2(1 + i)a1 = 0, so for a1 = 1/4 the group 〈ψ4〉 acts freely on K4(A). 
Remark 4.1. For n = 6, in order to avoid fixed points supported on orbits of length 6 on K6(A), the same construction
gives the condition 6ζ6a1 = 0 on the first coordinate. Unfortunately, every order-6 point a1 ∈ E satisfies this equation,
so the similarly defined non-symplectic automorphism on K6(A) does have fixed points. This means that the quotient
K6(A)/〈f 6〉 is not an Enriques variety. But consider again the automorphism of order three,
f (z) = (ζ3x + a1, y + a2),
which also acts on K6(A). Its only possible fixed points are supported on union of orbits
{z, f (z), f 2(z)} ∪ {w,f (w),f 2(w)} (where z = w is possible). Again, since the sum of the points is zero, for the
first coordinate the condition is 2(2 + ζ3)a1 = 0, so for example if a1 = 1/3, then f 6 has no fixed point on K6(A):
the quotient K6(A)/〈f 6〉 is then a weak Enriques variety.
4.3. A counter-example to Theorem 1, (6) for even d
We construct a ten-dimensional Enriques variety that is not the quotient of an irreducible holomorphic symplectic
manifold by an automorphism acting freely.
Take W := K3(A) with an automorphism f 3 of order three, constructed in Proposition 8.
Let [x0 :. . .: x6 : y0 :. . .: y6] be coordinates in P13 and consider the intersection of seven quadrics of equations:
Qj(x)−Q′j (y) = 0.
For a generic choice, this intersection is complete and smooth and is a six-dimensional Calabi–Yau variety V . Consider
the involution ι on P13 such that ι(xj ) = −xj and ι(yj ) = yj for all j . The fixed locus of ι in P13 is the disjoint union
of two six-dimensional projective spaces, so for a generic choice of the quadrics it does not intersect V , hence ι
acts freely on V . Consider now X = W × V with the automorphism f 3 × ι. It is easy to see that the order six
group generated by f 3 × ι acts freely on X and that Y := X/〈f 3 × ι〉 is an Enriques variety of dimension 10 that
cannot be the unramified cyclic quotient of an irreducible holomorphic symplectic manifold. Observe however that
Y ∼= (W/〈f 3〉)× (V/〈ι〉) so in fact this Enriques variety is reducible.
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